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Abstract 

I introduce a spinor field theory for the photon. The three-dimensional vector electromagnetic 
field and the four-dimensional vector potential are components of this spinor photon field. A 
spinor equation for the photon field is derived from Maxwell's equations, the relations between the 
electromagnetic field and the four-dimensional vector potential, and the Lorentz gauge condition. 
The covariant quantization of free photon field is done, and only transverse photons are obtained. 
The vacuum energy divergence does not occur in this theory. A covariant "positive frequency" 
condition is introduced for separating the photon field from its complex conjugate in the presence 
of the electric current and charge. 
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I. INTRODUCTION 



The electromagnetic interaction is the best studied one among the four known funda- 
mental interactions. In the frame of quantum theory, the photon is the quantum of the 
electromagnetic field. There are several ways to represent the electromagnetic field: by the 
three-dimensional electric field and magnetic field vectors, by the 4x4 electromagnetic ten- 
sor, or by the four- dimensional potential vector l|, |2|]. The electric and magnetic fields are 
directly related to the energy density of the electromagnetic field. The four-vector potential 
is directly related to the Lagrangian density of interaction. But however, none of these fields 
can be regarded as the photon field, because the photon density can not be expressed as 
inner products of these fields with their adjoint fields. In this paper, I introduce the spinor 
photon field that satisfies a spinor equation similar to the Dirac equation for the electron. 
The three-dimensional vector electric field, the three-dimensional magnetic vector field and 
the four-dimensional vector potential are components of this spinor photon field. The spinor 
equation for the photon field is based on the Maxwell equations, the relations between the 
electromagnetic field and the four-dimensional vector potential, and the Lorentz gauge con- 
dition. . The Lagrangian densities for the free photon field and for the photon field in 
interaction with the matter are established. Covariant quantization of photon field is car- 
ried out, and only transverse photons emerge from the quantization procedure. The vacuum 
state of the photon field is found to have null energy. The solution for the photon field in 
the presence of the electric current and charge is found, and a covariant "positive frequency" 
condition is introduced for separating the photon field from its complex conjugate. 

The Maxwell equations, the relations between the electromagnetic field and the four- 
dimensional vector potential, the Lorentz gauge condition are rewritten as two eight- 
component spinor equations in Secjill The spinor photon field is introduced in Sec. Illli 
The quantization of the photon field is treated in the Sec. llVt and the photon field in the 
presence of electric current and charge is analyzed in Sec. |V] . 
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II. THE SPINOR EQUATION FOR THE ELECTROMAGNETIC FIELD 



Maxwell's equations for the electric and magnetic fields E and H in the presence of a 
charge density p and a current density j can be written in the following form: 

^ — ' - - (1) 

(2) 
(3) 
(4) 



^ ,v^E) = V X i^H) - 

OXo 

-^i^H) = -V X i^oE) 

uXq 

= -V ■ i^H) 
= V ■ (y/ToE) - 



where Eq is the vacuum permittivity, po is the magnetic permeability of the vacuum, and 
Xq = ct. Because all the electric field, the magnetic field, the current density and the 
charge density are real quantities, they are completely described by their positive frequency 
components. An alternative way for writing the above equations is to introduce an eight 
components spinor electromagnetic field and an eight components spinor electric current 
density defined by 



and 

Je{x) = y^{jl{x) j2{x) J3{x) 3o{x)y 

where j{x) = {cp{x),j{x)) is the four-vector current density. 
The Maxwell equations ([IM]) now can be written as 
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We have 

«em ■ Oten + ^en " Oem = 25„„ , n, m = 1, 2, 3. (10) 

The electromagnetic field can be described by the four-vector potential A{x) = 

{(f){x) / c, A{x)) . The relation between the electric and magnetic fields and the four-vector 
potential, and the Lorentz gauge condition can be written as: 

= -V(V^Ao) - ^^oE (11) 

= V X (^A) - -^^oH (12) 

^ 'y/ToAo) = -V ■ (y/ToA) (13) 



The relations (fTT]) - f[T^ can be rewritten as 



oxq he 
where spinor potential field ipa{x) is defined by 



d 1 

Ipaix) = de-Vi)aix) - —Ipemix) (14) 



Mx) = ^{Ai{x) A^{x) A^{x) A^{x)Y. (15) 

One may observe that the equation also holds if we replace the Lorentz gauge con- 
dition with the following one: 

d - 1 

(V^Ao) = -V ■ (v^A) - -V^emS, (16) 



dxo c 

where ipems is an arbitrary scalar constant. In this case, the spinor electromagnetic field has 
the following form 



i^em{x) = {^/e^El{x) ^/e^E2{x) ^/s^Es{x) ^/JM)Hi{x) ./JM)H2{x) y/JI^H^ix) Ipems) ■ 

(17) 

— * — * 

According to properties of the electric field E, magnetic field H and four-vector potential 
A{x) under continuous space-time transformations, we have the following relation for ipem{x) 
and ipaix) under a Lorentz transformation 

^'^Jx') = exp(-(^- />,^(a;'), (18) 

and 

^'Sx') = exp{0- {a, - (19) 



where 

Under a rotation characterized by the rotation angle 0, expressed as an axial vector, we have 
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The following commutation relation holds for s: 



(22) 



(23) 



(24) 



5n •, Sr. 



p=i 



(25) 



Equations (I7j) and (IHj) are invariant under continuous space-time transformations (See the 
Appendices). 



III. THE PHOTON FIELD 

One can use ipemix) or ^ipaix) to represent the electromagnetic field, but it is not possible 
to express the photon density as a inner product of ipemix) or ^ipaix) with its adjoint field. 
Therefore neither ipe^ix), nor ipa{x) can be regarded as the photon field. The concept of 
photon is closely related to monochromatic electromagnetic plane waves, so we consider a 
monochromatic plane wave 

i^em{x),^a{x) « exp(-zA;a;) (26) 

in absence of electric current and charge. Let ■?/'^(a;) and ip^^^x) be the positive frequency 
parts of ip^^{x) and '^/'^(a:). We find that the inner product ip^^^ {x)ip^^{x) is equal to the 
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time average of energy density, which should equal to, in the case of a monochromatic wave 
a product of the photon density and the photon energy hkoc. On other hand, we have 

1 



and 



iE+''*(x) ■ A+^x) = (x) ■ E+\x) = —E+^*{x) ■ E+\x) 

koc 



thus the photon density is equal to 
We have 
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^ il3, 

-if^e 

and 1^ is the 4x4 unit matrix. 

Based on the relation (1501) . we define the photon field ipf{x) as 
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One may observe that the condition fco > is covariant for free photon field, because it does 
not contain Fourier components with ko < \k\. According to Eqs. ([7]) and ([HD, the free 
photon field satisfies the following equation: 



i 
ih- — ipfix) = —ihdw ■ Vipflx) (3-ipf(x) 
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(33) 



(34) 



where Ig is the 8x8 unit matrix. 

The invariance of Eq. fl33l) under continuous space-time transformations is assured by 
the invariance of Eqs. ([7]) and (IT^ . We have 



^'f{x') = exp{0 ■ A)^ljf{x') 



(35) 




with 

A = I J (36) 

for Lorentz transformations, and 

^'j{x')=exp{ifsf)ijf{x') (37) 

under space rotations, where 

Eq. f l33p is invariant also under space inversion and time reversaL It is easy to verify 
that Toipf{xo, —x) and T3ip*j-{—xo,x) satisfy the same spinor equation Eq. ( 133|1 as tpf{xo,x). 
Where 
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-/3e 
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(39) 



\ y ' \0 -Pe 

The equation for the free photon field can be derived from the following Lagrangian 
density 

Co = ihtpf + ca^ -V^ipf + itpfP-ijjf, (40) 

where ipf{x) = '?/'J-(x)r2 is the adjoint field. 

One may observe that there are totally 15 component equations for photon field. Among 
these 15 equations only 11 equations are independent, and the other 4 equations (correspond- 
ing Eqs.([2]) and ([3])) are direct conclusion of these 11 equations. By means of variational 
calculation, all these 11 independent equations can be obtained. 

The conjugate field of ■?/'/ is 

The Hamiltonian now can be calculated: 

Ho = J d^x (TCfi>f - Co) 

= J d^xijjf {-ihcdyj ■ V - i/3_) ipf. (42) 

The Lagrangian density ( HOi) is invariant under a global phase change of the photon field 
ipf{x) . This implies the conservation of the photon number N for free photon field: 

N = ( pphd^x, (43) 



and 

d 

-g^Pph + V ■ Jph = 0, (44) 

where the photon density Pph{x) is given by the inner product between the photon field 
ipf{x) and its adjoint ipf{x): 

Pph{x) = ipf{x)'^f{x) (45) 

and 

jph{x) = cipf{x)dyj'iljf{x) (46) 

is the photon current density. One may observe that the photon density defined by Eq. fj45|) 
may take negative values. But however, when we talk about photons we refer to electro- 
magnetical fields with well defined frequencies. By direct calculation, one can verify that 
Pph > if ipf{x) has a well defined frequency. 

According to the relation between symmetries and conservation laws Is, 4|, we may obtain 
the following expressions for the momentum P and the angular momentum M of the free 
photon field: 

p = -inj d^xijfVipf, (47) 

and 

M = [ d^xijjflxx (-zW)]^/'/+ / £'xi)f{hsf)i)f. (48) 



It is clear that sj can be interpreted as the spin operator of the photon field. According to 
expression (125|) . we have 

3 
p=l 

IV. QUANTIZATION OF THE PHOTON FIELD 

It is convenient to quantize the photon field in the momentum space. To do this, we have 
to find firstly the plan wave solutions of the photon field. By substituting the following form 
of solution 

— * 

ijjf{x)(xexp{—ikx)w{k) (50) 
into the spinor equation ( l33l) . we find 

(a^-k-ko-'-^]w{k) = 0. (51) 
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— * 

Eq. flSTl) permits two independent nontrial solutions with ko = \k\. They can be chosen as 

- 1 / - 

w±i{k) = —y={hc\k\{qi±iri) hc\k\{q2 ± ir2) hc\k\{q3 ± ir^) 



2Vhc 

hc\k\{ri T iqi) ^c\k\{r2 T m) hc\k\{r3 T iqs) 

-iqi±ri -iq2±r2 - igs ± ^3 o)^, (52) 

where k = k/\k\, and q and r are two vectors of unity satisfying the following conditions: 

k X q = f, k X r = —q, qxr = k, and r{—k) = —r{k). (53) 

w+i{k) and W-i{k) are orthogonal: 

Wh{k)wh'{k) = w{{k)T2Wh'{k) = Shh'\k\. (54) 

We also have 

{k ■ s}wh{k) = hwh{k), h = ±1, (55) 

and 

^fWh{k) = s{s + l)wh{k) = 2wh{k), (56) 

therefore photons are of spin s=l. 

Having plan wave solutions of the photon field ipfix), we may now expand ipf{x) in plane 



waves 



k h JV\k\ k h JV\k\ 



with ko = \k\. According to relations ( HOl) and ( 157|) . the Lagrangian of the photon field can 
expressed as a function of the variables qj^jiif): 

k ^ 

with 

%k(^) = bh{k) exp {-iut), u = cko. (59) 
The conjugate momentum of qf^j^it) can be calculated, and we have 

dL - 

Phki^) = = ^^bi{k) exp (lujt). (60) 
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By applying the quantization condition [ghj^,Pfitj;t] = i^^hh'^kk' following commu- 

tation relation for h±i{k) and 

[hu{k),hi,{k')] = 5nH'5r,,. (61) 

h±i{k) and &±i(fc) are just the photon annihilation operator and the photon creation operator. 
The Hamiltonian of the photon field can also be calculated. We obtain 

^0 = E Em..^ - ^0 = E E ^^hi{k)hH{k). (62) 

k ^ k ^ 

We observe that the vacuum energy of the photon field is zero. 

The commutation relations for the photon field can be written in a covariant form. Ac- 
cording to the commutation relations ( ET\i and the expression (I7r|) . we have 

[ipji{x),tjjfm{x')] = DirrXx - x'), with /, m = 1, 2, ■ ■ ■ , 8, (63) 

where the 8x8 matrix D{x) is given by the following expression 

D{x) = — ^ / d^kSik^) Ikok ■ 1+ {k ■ l){k ■ I)] e-'^\ (64) 
2(27r)'^ jfco>o L -I 

The replacement 

h^^^J^'-^ (65) 

was used in obtaining the relation ( l63l) . Under Lorentz transformations, D{x) transforms to 

D\x') = exp{-0 ■ f)D{x') exp{-0 ■ V). (66) 

One can verify with no difficulty that by using the expansions ( 1571) . the commutation re- 
lations ( 16T|) can be derived from commutation relation (1631) . Therefore, the commutation 
relations (|6T1) and fl63|l are equivalent. 



V. INTERACTION BETWEEN PHOTON FIELD AND MATTER 

In the presence of electric current and charge, according to Eqs. ([7]) and ffT^ . we have 
the following equation for the photon field: 

d i 
ih- — ipf{x) = {—ihauj ■ V P-)ipf{x) — ihJf{x), (67) 
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where spinor current density is given by 

and satisfies the relation 




(68) 



(69) 



It is would be nature to request that spinor current density to have only positive 

frequency Fourier components. But the spinor current density je{x) may contain Fourier 
components with \k\ > |fco|, and for these Fourier components this separation does hold for 
all frames of reference. In other words, the positive frequency condition is not covariant. 
A covariant form of this condition can be written as: kp > 0, where p is a well defined 
4-vector. For each physical system, there always is a well defined 4-vector, namely the total 
energy-momentum 4-vector of the system, therefore, we have 

/ 



d^xe'^'^Jfix) = e{kp) I d^xe 



Akx 




(70) 



with 



1 i/ X > 

9{x) = <! 1/2 i/ X = , (71) 
i/ X < 

and p = {po,P) the total energy-momentum 4-vector of the photon field and the charged 
matter field under consideration. One may observe that, in the "center of mass " frame in 
which the total momentum p of the whole system in interaction is null, j^{x) have only 
positive frequency Fourier components. 

It is easy to verify that the equation (!67|) can be derived from the following Lagrangian 
density 



C{x) = Co{x) + Cl 



int 



X 



with the Lagrangian density of interaction given by 

^intix) = ihc[llj\{x)T2Jf{x) - jj{x)T2tljf{x)]. 

According to the definition of Jf{x), we have 

dxo / d^x[iljj{x)T2Jj{x) — jJ{x)T2ipf{x)] = 0. 



(72) 



(73) 



(74) 
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Therefore it is not necessary to separate Jf{x) from Jf{x) in the Lagrangian density of 
interaction, and the equation fl67|) can also be derived from the following Lagrangian density 

C{x) = Co{x) + Cint{x) (75) 

with the Lagrangian density of interaction given by 

Cint{x) = ihc[ipj{x)T2Js{x) - j](x)r2V^/(x)] , (76) 

with 

Jsix) = J fix) + J}ix). (77) 

According to the relation between the photon field ipf{x) and the four- vector potential Af{x), 
the Lagrangian density of interaction Cint{x) can also be written as 

CU^) = -A]{x)j{x) - j{x)Af{x), (78) 

where Af{x) is the " positive frequency" part of A{x): 

J d^xe'^^'Afi^x) = e{kp) J d^xe'^''A{x). (79) 

One may observe that if j{x) commutes with Af{x) and Aj(x), the Lagrangian density 
of interaction Cint{x) would becomes —j{x)A{x), as in the classical electrodynamics. 
The equation (1^ can be solved. We have 

ipf{x) = ipjix) + J d^x'Gfix - x')Jf{x'), (80) 

where 'ipjix) is the free photon field given by expressions (l57|l . and Gf{x) is the Green 
function for the photon field: 

VI. CONCLUSION 

I introduced a spinor field theory for the photon. The spinor equation for the photon 
field is equivalent to Maxwell's equations together with the relations between the four-vector 
potential and electric and magnetic fields, and the Lorentz gauge condition for the 4-vector 
potential. The quantization of free photon field is done, and only transverse photons are 
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obtained. The vacuum energy divergence does not occur in this theory. The solution for 
the photon field in the presence of the electric current and charge is found, and a covariant 
"positive frequency" condition is introduced for separating the photon field from its complex 
conjugate. 

Appendix A: Invariance of spinor equations for electromagnetic field and potential 
under Lorentz transformations 



By direct verification, one may find the following relations for matrices s and /: 

3 
p=l 



and 



(^erJ"m(^en (1 ^rim)^em ; TL^Tfl 1,2,3. 



Let's consider a Lorentz transformation 
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— sinh 
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X3 


— sinh (f 








COsh(y9 


/ 





We have 



and 



d 
dxi 



d 



d 



coshv?^ - sinh ip^ , ^ = coshy?^ - sinh^j--^ 
0X1 OXq OXq OXq 0x1 



(Al) 



(A2) 



(A3) 



(A4) 



= cos\npj[{x') + sinlupcp' {x') , cp{x) = cosh.ipcp'{x') + sm\npj[{x') . (A5) 
The last relations can be written in the terms of je{x) and terms j'^ix'): 

jeix) = exp(v9(/i - aei))jeix'). (A6) 
By using the relations (lA4p . the equation ([7]) can be written then as the following: 

r d 1 

(cosh v3-sinh (paei)-^^emix')+\{cosh (^Oei-sinh '^)^+"e2^+ae3^J ^em(a;')+Je(a;') = 0. 



Because 



exp(— y^aei) = cosh 9? — sinh^JOfei, 



(A7) 
(A8) 
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so 



d 

exp(-(y9Q;el)^^em(a;') 
OXq 



But 

then 
d 



dx 



- exp((^(/i - aei))jUx'). (A9) 



haei = aeih (AlO) 



ttelT^ + exp(-^(/i - ael)) («e27^ + «e3T^) exp((^/i) 



exp(-V9/i)^e^(x') - je(x'). 



(All) 



According to the relation (1A2I) . we have 



ttem^r = (^1 - tteO^ttem , m = 2, 3, 



(A12) 



therefore 



^exp(v3/i) = exp(v5(/i - aei))"em , exp(93/i)aem = aemexp(v5(Zi - ctei)) , m = 2,3. 

(A13) 

and the equation ( lAllI) becomes 



%L(^') = -«";-v^L(^')-j:(a^'), 



(A14) 



with 



V'emla;') = exp(-(^/i)^/'em(x'). (A15) 

The equation flA14l) in the new reference frame has exactly the same form as Eq. ([7]), 
that means the spinor equation for the electromagnetic field is invariant under Lorentz 
transformations. The invariance of Eq. (fT4l) can be shown in a similar way. We have 

(A16) 



d 

ex.p{ipaei)-^il>a{x') 

d d d 1 1 

aeiexp(v?aei)7rT + «e2 7rT + "eSTTT i'aix') - —exp{(pli)'ip'^^{x). 



he 



But 



dx'i dx'2 
exp(-v9/i)aem = aemexp[ip{aei - h)) , m = 2,3, 



(A17) 
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then Eq. (1A16|) can be reduced to 



^ri^'aW) = «e ■ Wai^') ' ^€mi^) , (Al8) 



with 

ij'^ix') = exp(y.(a,i - h))Mx')- (A19) 
This equation has exactly the same form as Eq. f|T^ . 

Appendix B: Invariance of spinor equations for electromagnetic field and potential 
under space rotation 

Let's consider an infinitesimal space rotation 

3 

Xq = Xq, X^ = Xn ^ ^ ^nmp^m^p ~ 1; 2, 3. (Bl) 

m,p=l 

We have 

d d ^ d 

'KT = 'aZr ~ H ^Pmn^rn-^ , n = 1, 2, 3, (B2) 
UXn UX^ m,p=l ^"^p 

and 

3 

p(x') = p'(x'), 3n{.x') = + £nmp5mj'pix') n = 1, 2, 3. (B3) 

m,p=l 

The last relation is equivalent to 

Ux') = {l-z6-s}f^{x'). (B4) 
The equation ([7]) can be written as 

{l+i6- S)—i)era{x') = -(1 + 2(5 ■ s) ^ [ften + XI ^nlm^lOLeJ\ ^V^em(a;') - (B5) 
^^0 n=l /,m=l '^^n 



But 



so 



3 

m=l 

3 

X enZm^ittem = " Sa^n " «ae„(5 ■ S. (B7) 

Z, 771=1 



Eq. f lBSP becomes then 



d ^ ^ d ^ 

-{I + i5 ■ S)^em{x') = - «en^(l + " s)V'em(a;') " j'eW) ■ (B8) 



dxo dx[ 



15 



On other hand, we have ip'f,mi.^') = iX + i8 ■ s)i/jem{x'), so we rewrite Eq. fIBSP as 

-^€mix') = -de ■ WeM) - Ux'), (B9) 

which has exactly the same form as Eq. ([7]). So the spinor equation for the electromagnetic 
field is invariant under space rotations. The invariance of Eq. ( fT4l) can be demonstrated 
exactly in the same way. 
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